Abstract Conditions for complete and lag synchronizations in drive-response systems are considered under the unified framework of generalized synchronization. The question is addressed that whether the synchronization conditions achieving complete synchronization is still valid for lag synchronization when the time delay of signal transmission between the drive and response systems increases from 0. Theoretical and numerical results show that whether the synchronization conditions is stable for the influence of the time delay of signal transmission depends on a particular form of equilibria of the drive and response systems. Furthermore, it seems that the less the number of the equilibria of the drive system, the more likely the synchronization conditions are stable for the time delay of signal transmission.
may occur instead of CS in the drive-response systems which implies that the state variables of the two coupled systems become synchronized but with a time lag with respect to each other.
Consider drive-response systems with the following formẋ = f (x),ẏ = f (y) + g(y, x τ ),
where x, y ∈ R n , in which R denotes the field of real numbers, x τ ≡ x(t − τ ), in which τ is the time delay of signal transmission, and f , g are continuous vector functions and g(y, y) = 0. It is said that LS is achieved in system (1) if y − x τ → 0 when t → ∞. Only when τ = 0, LS becomes CS in system (1) .
Although a lot of studies have been carried out on both CS and LS [5] [6] [7] [8] [9] in system (1), the two types of synchronization were usually addressed separately, i.e., if τ = 0 in system (1), CS was discussed; if τ > 0 in system (1), CS was destroyed and LS was analyzed. Moreover, almost all the conditions for LS, obtained by using the Lyapunov functional method in most previous research works, were too conservative. Therefore, little attention has been paid to the relation between the conditions for CS and LS in system (1). However, we have to evaluate the influence of time delay of signal transmission on synchronization conditions at some times in the practical engineering application. y → x in system (1) does not exactly hold because of the existence of the time delay, but y → x τ for a sufficiently small amount of time delay τ may be acceptable in some cases. Then we want to know whether or not the synchronization conditions designed to achieve CS are still valid for the occurrence of LS in system (1) when τ increases from 0. Synchronization conditions satisfying such requirement are "stable" for the influence of time delay of signal transmission. In other words, synchronization conditions in system (1) can not be destroyed by the occurrence of the time delay of signal transmission. The practical importance of this issue in communications security is evident.
Since both CS and LS are special cases of generalized synchronization (GS), CS and LS in system (1) can be put into the unified framework of GS to be studied. An analytical criterion for detecting GS in driverresponse systems has been obtained in the authors' previous work 10 which is almost as accurate as the response Lyapunov exponents method. By using the criterion mentioned above we show that whether synchronization conditions in system (1) are "stable" for the influence of time delay depends on the distribution of equilibria of the drive-response systems, which are demonstrated by several numerical examples.
First we discuss the conditions for LS in system (1) . Assuming that all order derivatives of x exist and are bounded, one has
. From the first equation in system (1), all order derivatives of x are functions of x. Then LS in system (1) can be regarded as GS between the drive-response systems with the
we derive the conditions for GS in system (1) with the relation y = u. The auxiliary system corresponding to system (1) is given bẏ
Defining e 1 = (y − z)/2, e 2 = (y + z)/2, systems (1) and (2) becomė
Obviously,ė 1 = 0 holds if e 1 = 0. GS occurs in system (1) when e 1 → 0 in system (3) based on the auxiliary system approach. According to the analysis results in Ref. 10 for GS, a "projective system" of system (3), derived by letting e 2 = h 1 (e 1 ), x = h 2 (e 1 ) in system (3), where h 1,2 : R n → R n are smooth vector-valued functions, can be used to judge whether e 1 → 0 instead of system (3) . Substituting e 2 = h 1 (e 1 ), x = h 2 (e 1 ) into system (3) yieldṡ
For a sufficiently small e 1 , the right hand sides of e 2 = h 1 (e 1 ), x = h 2 (e 1 ) can be expanded at zero point as
,
where (5) into the last two equations of system (4). To judge whether e 1 → 0, linearize the first equation of system (4) around e 1 = 0
where
Clearly, we only need to calculate h 10 , h 20 to determine matrix M 1 (h 10 , h 20 ). Substituting Eq. (5) into the last two equations leads to
Since x = h 20 is the origin of systemẋ = f (x), in this case x τ = u(h 20 ) = h 20 . Matrix (6) can be directly given by
where ( If τ = 0 in system (1), LS becomes CS. At this point GS occurs in system (1) with the functional relation y = x. In this sense CS is just a special case of LS with τ = 0, conditions for which can be similarly obtained. Denote Comparing criterion (7) with (8), the conditions for CS in system (1) with τ = 0 generally are the conditions for weak GS in system (1) with τ > 0 since y = x = h 0 must be real roots to equations f (x) = 0, f (y) + g(y, x) = 0 which may have more real roots excluding (x, y) = (h 0 , h 0 ). Therefore, synchronization conditions in system (1) are stable for the influence of the time delay of signal transmission between the drive and response systems when equations f (x) = 0, f (y) + g(y, x) = 0 only have the real roots of the form x = y. The analysis in this part indicates that whether synchronization conditions in system (1) are "stable" for the influence of time delay of signal transmission depends on the distribution of equilibria of the driveresponse systems.
To demonstrate our analysis results, two identical Lorenz systems are considered firstly as the drive and response systems ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ẋ
where k is the coupling strength, and τ is the time delay of signal transmission between systems (9) and (10).
Comparing systems (9) and (10) with system (1) equations f (x) = 0, f (y) + g(y, x) = 0 have real roots of the form x = y for some values of k. Then the synchronization conditions in systems (9) and (10) are not stable for the influence of the time delay of signal transmission. To illustrate the analysis results, the following auxiliary system corresponding to systems (9) and (10) is constructed
From criteria (7) and (8), CS condition of systems (9) and (10) with τ = 0 is k > 0.44 which is only the weak GS condition of systems (9) and (10) Fig. 1(a) , CS occurs between systems (9) and (10) when k = 2.5, τ = 0. However, when τ increases to 1, k = 2.5 can just guarantee weak GS occurs between systems (9) and (10) (Fig. 1(b) ). LS can not be achieved under this condition ( Fig. 1(c) ). Next, the drive, response, and auxiliary systems in Eqs. (9)- (11) are considered to be replaced by Hindmarsh-Rose (HR) model, 11 respectively, which are expressed by ⎧ ⎪ ⎨ ⎪ ⎩ẋ (c) Fig. 1 . The projection of chaotic attractor generated by (a) systems (9) and (10) with k = 2.5, τ = 0 onto the plane (x1, y1), and (b) systems (10) and (11) with k = 2.5, τ = 1 onto the plane (y1, z1). (c) The time history curves for systems (9) and (10) In this letter conditions for CS and LS in driveresponse systems (1) are considered under the unified framework of GS. If the synchronization conditions designed to achieve CS are still valid for LS occurring in system (1) when the time delay of signal transmission between the drive and response systems increases from 0, such synchronization conditions are "stable" for the influence of the time delay of signal transmission. By using the analysis results in Ref. 10 , we demonstrate that the conditions for CS in system (1) with τ = 0 generally guarantee weak GS in system (1) with τ > 0. To most drive-response systems, synchronization conditions are easily destroyed by the occurrence of the time delay of signal transmission. Our theoretical and numerical results show that the stability of the synchronization conditions depends on a particular form of equilibria of the drive and response systems. In this sense it seems that the less the number of the equilibria of the drive system, the more likely the synchronization conditions are stable, for example the drive-response systems formed by two HR neurons in last section. Our research may explain why many types of synchronization phenomena can be shown so easily in neuron systems.
